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Set Book 


Barrett O'Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition (W.A. Benjamin/Addision-Wesley, 1973). 
R.C. Smith and P. Smith: Mechanics, SI Edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 


Unreferenced pages and sections denote the set book. Otherwise 
O’Neill denotes the set book; 
Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


Reference to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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L1 INTRODUCTION AND EUCLIDEAN SPACE 


Introduction 


In this section we introduce some notation that will be used throughout the course. 
We review vector spaces and partial differentiation. In the additional text we give 
some rules for the evaluation of partial derivatives. 


READ: Introduction and Section I.1 (pages 1-5), 
Comments 


(i) Page 1: line -1 In the correspondence text we shall sometimes write 
go f for the composite function. 


(ii) Page 4: Definition 1.2 From now on we shall use x, y, z in this way 
only. We shall not use x as a typical element of the real line, or indeed any 
set as O’Neill does on pages 1 and 2 of the Introduction. 


Additional Text 


Partial differentiation Suppose p = (pi, pa, p3) is a point of E? and f : E? —> R 
is a differentiable function. To obtain (0f/0x,)(p) we first construct the function 
F : R—>R such that F(t) = f(t, p2, p3) and then (0f/3x,)(p) = F(p;). That is we 
consider x4 and x4 as constants and differentiate in the usual way. Partial differen- 
tiation satisfies the following rules. Let a, b be real numbers; f, g differentiable func- 
tions from E? to R and h a differentiable function from R to R, then 


dj. e) S AŠ 2598 — (quietos...) 
OX} Ox; OX; 
(2) OUE as OF opp OB. (fori=1, 2, 3,...) 
OX; Ox; OX} 
(3) 9(h() = (ey OF (for i= 1, 2, 3,...) 
Ox; Ox; 


Equation (3) may be more recognizable if the composite functions are written as 
ho f and h'o f. All these results follow from the similar rules for ordinary differen- 
tiation. Lists of useful derivatives are to be found in 


M231 Handbook, page 45 et seq. 
MST 282 Handbook, page 27. 


Find 92x + xz sin(x? y)). 
Ox 


Example 
We have 


0(2x + xz sin(x^y)) _ 9 OX 4 0(xz sin(x? y)) 
Ox 0x ox 


by result (1) 


1 
— 55 sin(x?y) + xz AE by result (2), 
ðx Ox 


2 
2 + zsin(x?y) + xz sin'(x? y) oy): by result (3) 
ox 


2 + zsin(x?y) + 2x? yz cos(x? y). 
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Summary 


Notation 


g(f) 
gof 
f^ 
E? 


P 

(Pi; P2 P3) 

ptą 

(Pi, P2; P3) + (415 42, q3) 
ap 

a(p 1» P2 Ps) 


X, y, Z OT X4, X5, X3 


Definitions 


(1) Euclidean 3-space E? 

(ii) ^ Sum of points of E? 

(iii) ^ Scalar product of a point of E? 

(iv) Euclidean plane E? 

(v) Real line E! = R 

(vi) Natural coordinate functions x, y, Z or X4, X5, X3 
Pointwise addition and multiplication of functions 
Composite of functions g(f) 

(ix) Differentiable function 

(x) Inverse function f^! 


Results 
Partial differentiation satisfies the following rules. 


O(af-bg) of 0g 


(1) = det poc (191,2,3,...) 
OX} ÓXj OX; 
(oj. 900 2 90. o pon. (i7 1,2,3,...) 
OX; OX} OX} 
(i) AD) S pin (=1,2,3,..) 
Ox; OX; 


where a, b are real numbers, f, g : E) —» Randh: R— R. 


Techniques 
(1) Evaluation of a function. 
(ii) Simplification of a function. 


(iii) ^ Partial differentiation, using results (1), (2), (3). 
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Page 1, line -4 

Text, page 5 

Page 2, line 16 

Page 3, Definition 1.1 
Page 3, Definition 1.1 
Page 3, Definition 1.1 
Page 3, line - 3 

Page 3, line - 3 

Page 3, line- 1 

Page 3, line - 1 

Page 4, Definition 1.2 


Page 4, line 24 


Page 4, line - 5 
Page 4, line - 5 
Page 5, line 22 
Page 5, line 23 


Page 3, Definition 1.1 
Page 3, line - 5 
Page 3, line - 2 
Page 5, line 22 
Page 5, line 23 
Page 4, Definition 1.2 
Page 4, line - 5 
Page 1, line- 4 
Page 4, Definition 1.3 
Page 2, line 16 


Text: page 5 
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Exercises 
Technique (i) 


l. Page 5, Exercises 2(b) and 2(c). 
Technique (11) 


2. Page 5, Exercise 1(a). 
8. Page 6, Exercise 4(a). Just simplify this function. 


Technique (iii) 
4. Page 5, Exercises 1(c) and 1(d). 


5. Page 6, Exercises 3(a) and 3(b). 
6. Page 6, Exercise 4(a). 


Solutions 


l. Page 5, Exercises 2(b) and 2(c). 
If p is a point of E?, then by the pointwise definition of addition and 
multiplication of functions 


f(p) = ((x(p))? y(e)) - ((y(P))? z(p)). 
By Definition 1.2 

x(3,-1,3)23, — y(8,-1,3) »-1 and 2((3,-1,4))=4. 
Hence 

£((3, -1,4)) = (32.(-1))- (C123) =-94. 
As in the above result 


f((a, 1, 1-a)) = a?.1- 1?.(1-a) = a? +a- 1, for any real number a. 


2. Page 5, Exercise 1(a). 
If f = x? y then, since f is defined by pointwise multiplication, we have 


f(p) = x?(p) y(p) = pi p2 where p = (Pi, Pz ps) is a point of E?. 


The function g = y sin z is defined in terms of composition and pointwise 
multiplication and so 


g(p) = y(p) sin (z(p)) = p2 sin p3. 


Hence 


(fg?) (p) = f(p)(g(p))? 
= pi P2 (po sin p3)? 


"E NORD 
Pı P2 sin” p3 
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and 


fg? = x? y? sin?z. 


In this way we see that pointwise addition and multiplication behave exactly 
as expected. 
If f = x? y and g = y sin z then 


fg? = x?y(y sin z)? = x? y?sin?z. 


3. Page 6, Exercise 4(a). 
If h = x? - yz then, by the pointwise definitions of addition and multiplica- 
tion of functions 


h(p) =pi- P2P» for any point p = (py, P2 ps) in E?. 
Since f(p) = h(g; (p), g (p), g3(p)) it follows that 


f(p) = (g:1(p)?? - (g2 (p))(gs (p). 


Hence f = g?- g,g,. 
In this exercise g, =x + y, g3 = y?, g3= x + z and so 
f= (x + y)?- y“ (x +z) 


= x? + 2xy + y?- xy?- y?z. 


4, Page 5, Exercises 1(c) and 1(d). 
Now fg = x? y? sin z. 
Treating x and y as constants we find that 


o(fg) . x? y? cos z. 


0Z 


Treating x and z as constants we find that 


2 
9 (fg) = 2xŽy cos zZ. 


Now sin f = sin x? y. 
Treating x as a constant we find that 


oint x? cos x?y. 
dy 
5. Page 6, Exercises 3(a) and 3(b). 


If f 2 x sin (xy) * y cos (xz) then, treating y and z as constants, 


of 


— = xy cos (xy) - yz sin (xz). 
Ox 
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To deal with Exercise 3(b) we need to extend result (3) to cover the partial 
differentiation of the composite of three functions, h from E? to R and 
h,, h, from R to itself. In this exercise it will be more convenient to use the 
symbol o for the composite of functions. 


SS this dy) = (ho (h; o h)) Lu by result (3), 


Óx Ox 


(h3 o (h; o h)). (h! o h) 9B. — by result (3). 
Ox 
Here h = x? + y? + z2, h,=exp, h,=sin 


and f = sin o (expo (x? + y? + z?)) = h, o (h; o h). Hence 


ps (sin' o (exp o (x? + y? + z?)). exp’ o (x? + y? + 22). LA op a te) 
ox Ox 


22:52:52 igo 2152 
cale a )) „x i Mu ox 


24y2 472 N FUB 
2x aš y Neos (e dius ^. 


6. Page 6, Exercise 4(a). 
From Exercise 3 
f =x? + 2xy + y? - xy? - y?z 


hence 


f 
dx 
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L2 TANGENT VECTORS 


Introduction 


In this section we review arrows. They will be called tangent vectors. At each point 
of Euclidean space they form a vector space. We also review vector fields. They are 
functions assigning to each point of Euclidean space a tangent vector based at that 
point. We generalize the notion of basis and coordinates to deal with vector fields. 


READ: 


Section I.2 (pages 6-10). 


Comments 


(i) 


(ii) 


Page 9: Definition 2.4 Whereas a vector field V assigns one tangent 
vector to each point of Euclidean space, the natural frame field assigns three. 


Page 10: end of Section Since any vector field V can be expressed as 
V = EviUj, for suitable real valued functions v;,v; and v3 the natural frame 
field does serve as a ‘basis’. When we used the term basis for a real vector 
space it implied that every vector could be expressed as a linear combination 
of the basis vectors. The values of the vector fields U,, U2, U3 are linearly 
independent at each point. However, not every vector field can be expressed 
as a linear combination of the Uj’s with constant coefficients. That is the 
coefficients in the sum Zv;U; are not necessarily real numbers. Now they are 
real valued functions and the collection of real valued functions is not even a 
field since it is not possible to find a multiplicative inverse of a function 
which is zero at some points even if it is not always zero. These functions 
form a ring and the vector fields are a finite-dimensional module over this 
ring. 


Supplementary Comment 


(i) 


Page 10: lines 3 and 4 These are generalizations of the usual rules for the 
addition and scalar multiplication of vectors expressed in terms of co- 
ordinates. 


The first equation is obtained as follows: 


(E(w* w;)Uj(p)* E(vi + wi(p)U;p), by repeated use of the 
pointwise formulas for 
addition and scalar multi- 
plication of vector fields, 


= L(v;(p) + wi(p))Ui(p). by the definition of point- 
wise addition of two 
functions, 

= Zvi(p)U;(p) + Zwi(p)Ui(p). by the usual rules for a 


vector space, 


= (ZviUj)(p) + (ZwiUi)(p) 


= (ZvįU; + ZwiUj)(p). by the pointwise rules for 
E the “arithmetic?” of 
vector fields. 


Since vector fields are defined as functions on E?, whenever two vector 
fields agree at each point they must be the same vector field. 
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Hence 

Z(vį + wį)U; = ZviUį + wiU,. 
The result 

E(fv;)U; = f(2v;,U;) 


follows similarly. 


Summary 


Notation 


“P 

Tp(E*) 

Vp * Wp 

avp 

V 

V+W 

fV 

{U,, U2, U3} 
ŽviU; 


Definitions 


(i) Tangent vector Vp 


(ii) Vector part of tangent vector 


(ii) ^ Point of application of tangent vector 


(iv) Parallel tangent vectors 


(v) Tangent space Tp(E?) 


(vi) Addition and scalar multiplication of tangent vectors 


(vii) Vector field V 
(viii) Pointwise principle 


(ix) ^ Addition of vector fields 


(x) Multiplication of a vector field by a real-valued 


function 


(xi) Natural frame field (U,, U,, U3} 


(xii) Euclidean coordinate functions 


(xiii) Differentiable vector field 
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Page 6, Definition 2.1 
Page 7, Definition 2.2 
Page 7, line 9 

Page 7, line 9 

Page 8, Definition 2.8 
Page 8, line -8 

Page 8, line -3 

Page 9, Definition 2.4 
Page 9, line -8 


Page 6, Definition 2.1 
Page 6, Definition 2.1 
Page 6, Definition 2.1 
Page 6, line -5 

Page 7, Definition 2.2 
Page 7, line 9 

Page 8, Definition 2.3 
Page 8, line -7 

Page 8, line - 10 


Page 8, line -3 

Page 9, Definition 2.4 
Page 9, Lemma 2.5 
Page 10, line 6 


12 
Results 
(i) 

(ii) 


Tp(E*) is linearly isomorphic to E?. 


Each vector field V can be uniquely expressed as 
V = ZvįU;, where vj, V2, v3 are real-valued functions. 


Each tangent vector (aj, a2, a3)p) can be expressed 
in terms of the natural frame field as Za;U;(p). 


Addition and multiplication by a function are 


expressed in terms of coordinates by 
ZviU; + ZwiUj = Z(vj + wi) Uj 


f(ZviU;) = U(fvj) Uj. 


Technigues 


(i) 


Representation of tangent vectors in standard form 
Vp: 

Addition and scalar multiplication of tangent 
vectors. 


Evaluation of a vector field at a point. 


Addition and multiplication, by 
functions, of vector fields. 


real-valued 


Pictorial representation of tangent vectors and 
vector fields. 


Representation of tangent vectors and vector fields 
in terms of the natural frame field and Euclidean 
coordinates. 


Addition and multiplication, by a real-valued 
function, of vector fields expressed in terms of 
Euclidean coordinates. 


Exercises 


Techniques (ti), (vi) and (v) 


l. 


Page 10, Exercise 1. 


Techniques (111) and (vit) 


2. 


Page 10, Exercise 2. 


Techniques (vit), (vi), (iv) and (1) 


3. 


Page 10, Exercise 3. 
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Page 7, line -3 


Page 9, Lemma 2.5 


Page 9, line -5 


Page 10, lines 3 and 4 


Page 6, Definition 2.1 


Page 7, line 9 
Page 8, Definition 2.3 


Page 8, line -8 and 
Page 9, line 2 
Page 7, Fig. 1.1 


Page 9, Lemma 2.5 


Page 10, lines 3 and 4 
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Solutions 


1. 


(5,-1,2) 


Page 10, Exercise 1. 

(a) 3v- 2w = 3(-2, 1,-1)- 2(0, 1, 3) 
= (-6, 3, -3) - (0, 2, 6) 
= (-6, 1, -9). 


By the definition of addition and scalar multiplication of tangent vectors, 
3vp - 2wp = (3v - 2W)p = (-6, 1, -9)p- 
Using the identity (a), a2, a3)p = ZajU;(p), we find that 


3vp - 2wp =-6U,(p) + U2(p) - 9Us(p). 


P P 
(b) Vp represents the arrow from the point p to the point p * v. 
Here p = (1, 1, 0), v = (-2, 1, - 1) and hence p + v = (-1, 2, - 1). 
Similarly, Wp is the arrow from p= (1, 1, 0) to p + w = (1, 2, 3). 
Now 
-2vp = (-2v)p - (4, -2, 2)p 
and 
Vp + Wp = (v + W)p = (2,2, 2)p 
and hence they are the arrows from (1, 1, 0) to (5,-1, 2) and (-1, 3, 2). 
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Page 10, Exercise 2. 


W - xV = 2x?U, - U3- x(xU, + yUj) 
= 2x?U5 - U3- x?U,- xyU, 
= -x*U, + (2x? - xy)U; - Us, 
by result (iv) on the addition and multiplication of vector fields in terms of 
coordinates. 
If p= (-1, 0, 2) then x(p) =-1, y(p) = 0 and z(p) = 2. 
By the definition of the natural frame field 


U,(p) = (1, 0, 0),, U;(p) = (0, 1, 0)p> Us(p) = (0, 0, l)p- Hence by the pointwise 
definition of addition and multiplication 


(W - xV)((-1, 0, 2)) = -(-1)*1, 0, 0)p + (2.(-1)?- (-1).0)(0, 1, 0), - (0, 0, 1)p 
= (-1, 2, -1)p. 


Page 10, Exercise 3. 
(a) Rearranging and dividing by 7 we obtain 
2 
v=Ž p, -* y, 
7 7 


(b = V(p) = (P P3- Pi; Op 


= (x1(p), x3(p) - xi(p). 0)p» using the definition of the 
coordinate functions, 

= (x,(p), (x3 - xı)(p), 0)p» by the definition of linear 
combinations of func- 
tions, 


= x1(p)U (p) + (x3 - x1)(p)U2(p), by the standard identity 
(ai, a2, a3)p 2 YajiUi(p). 


Hence, using the definition of linear combinations of vector fields, 


V= x,U, + (x3 - X1)U>. 


Alternatively we could write this as 


V=xU, + (z- x)U,. 


(c) V = 2(xU, + yU2) - x(U,- y?Uj) 


= 2xU, + 2yU;- xU, + xy?U,, by result (iii) on addition 
and multiplication in 
terms of coordinates, 


= (2x = x)U, + 2yU, + xy?U; 
= xU, + 2yU, + xy?U, ; 


(d) If p= (pi, P2, p3) then V(p) is the vector from (pi, p2, p3) 
to (1 + py, papa p2)- 


IEEE SORTI SUPPE agis 
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Hence V(p) = ((1 + pi. papa p2) - (Pi: P2; P3))p 
= (L, P2P3 - P2 P2 — P3)p- 
By arguments similar to those in part (b) we find that 
V =U, + x2(x3- 1)U; + (x>- x3)U3 
or alternatively 
V=U; + y(z - 1)U; + (y - z)Us. 
(e) The vector from p to the origin is 0- p = -p so 
V(p) = (-P)p = CP; -P2 -P3)p- 


Hence V =- x4U, - x;U,5- x3U; or alternatively 


== xU, = yU,- zU}. 
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L3 DIRECTIONAL DERIVATIVES 
Introduction 
This section follows on from Sections I.1 and I.2. In Section I.1 we reviewed partial 


differentiation. We recalled that for any differentiable function f on E? and for any 
point p in E? 


ðf, d 
Ox?) = d (f(t, Pa ps))| Ep, 


Instead of evaluating this derivative at t = p, we often ‘shift’ the function so that we 
can evaluate the derivative at t = 0. That is 


of d 
—íp) 2 — (f(pı +t, P2 P3)) lt -0. 
Ox, dt 


Using the natural frame field introduced in Section I.2 we can write this as 


00) = Š (Ep + Usp) |e = 0- 


There are similar formulas for (0f/0x2)(p) and (df/8x3)(p), so to find (0f/0x;)(p) we 
find the initial rate of change of the function f in the direction Ui(p). In Unit 
MST 282 7, Work and Energy I, Section 7.1.2 we met a generalization of this 
technique. If n was a unit direction vector we defined the directional derivative, 
(0f/0n)(p), to be the initial rate of change of f in the direction n and proved that 


f 3 Of 
oF = n- vi(p) = È nip). 
On i=1 0X; 


In this section we generalize the above definition and result to deal with any 
tangent vector v, and then any vector field V. We show that these directional 
derivatives satisfy properties similar to those of ordinary derivatives. 


READ: Section I.3 (pages 11-14) omitting the proof of Lemma 3.2. 


Comments 


(i) Page 12: Lemma 3.2 This is a generalization of the result mentioned in 
the introduction. The directional derivative is 


3 Qf 
vplf] = v: Vi(p) = È vip). 
i=1 Ox; 


It is proved in exactly the same way using a version of the ‘chain rule’. This 
will be dealt with in Section I.7 and until then you should accept this result 
without proof. 


(ii) Page 12: Theorem 3.3.(3) The symbol * in this theorem and in Corollary 
3.4 signifies the ordinary product of two numbers. The inner product of two 


vectors will not be introduced until Chapter II. 


(iii) Page 12: line 15 to line -3 The real-valued function V[f] is defined by 


(V[f] )(p) = V(p)[f] - 
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This equation is used in the proof of Corollary 3.4. 


For computational purposes the identities U; [f] = 9f/óx; (i= 1,2, 3) will 
be very important. We can obtain these results from Lemma 3.2. For 
instance 


Ui (p) [f] = (1, 0, 0)p[f] = 1. f (p) +0. 2f (p) +0. 2f (p) =f (p). 
ð 


X1 OX, 0X3 OX, 


(iv) Page 14; line 14 to line 21 This is a very important remark. For vector 
fields V and W we consider combinations of the form fV + gW, where f and g 
are real-valued functions. For functions f and g we consider combinations of 
the form af + bg, where a and b are real numbers. 


In the example 
(xU; - y*Us)[x y + 2°] = xU, [x*y +29] - y? Us [x^ y +29], 
by Corollary 3.4.(1), 


= xU, [xžy] + xU, [22] - y?U3[x?y] - y? U; [2?], by Corollary 3.4.(2). 


Supplementary Comment 
(1) Page 12: Theorem 3.3.(1) and (2) 
(1) If v = (v4, v2, V3) and w = (w1, W2, w3) then 
(avp + bw p) [f] = (av + bw)pIf] ! by the definition of addition 


and scalar multiplication of 
tangent vectors, 


= Z(av; + bwj) (p), by Lemma 1.3.2, 
Xj 


x azvi (p) + bi 2w; E) | 
Ox; Ox; 
= avp[f] + bwp[f]. 
(2) Vplaf +bg] = > Ž L p), by Lemma I.3.2, 


of 0 
= Zvj(a—{p) + b 8 (p) 
Ox; Ox; 


= Pi) + IL Eo). 


Xi 
Summary 
Notation 


vplf] Page 11, Definition 3.1 
V [f] Page 13, line 15 
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Definitions 


(i) Derivative of a function with respect to a tangent 
vector Ypl f]. 


(ii) Derivative of a function with respect to a vector 


field V[f]. 
Results 


E of 
(1) If vp = (vy, v5, V3)p then vp[f] = od 


(ii) Directional derivatives, with respect to tangent 
vectors and vector fields, satisfy linear and 
Leibnizian properties: 


(a) (avp + bwp)[f] = avp[f] + bwp[f]. 
(b) Yplaf + bg] = avp[f] + bvp[g]. 

(c)  vplfg] = vp[tl&(p) + f(pvp[g]- 
(a) (fV + gW)[h] = fV[h] + gW[h]. 
(b  V{af+bg] =aV[f] + bV[g]. 

(c) Vlig] = Vif]. g + fV[g]. 


(iii) ^ Directional derivatives with respect to components 
of the natural frame field are partial derivatives 


U;[f] = (i = 1, 2, 3). 


Xj 


Techniques 


Evaluation of directional derivatives with respect to 
tangent vectors or vector fields using: 


(i) the definition, for tangent vectors 

(ii) the definition, for vector fields 

(iii) coordinates and partial derivatives 

(iv) the linear and Leibnizian properties and the 


relationship between the natural frame fields and 
partial derivatives. 


Exercises 


Technique (i) 


l. Page 14, Exercise 1(c). 


Technique (ii) 
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Page 11, Definition 3.1 


Page 13, line 15 


Page 12, Lemma 3.2 


Page 12, Theorem 3.3 


Page 13, Corollary 3.4. 


Page 13, line -10 


Page 11, Definition 3.1 
Text, page 16 
Page 12, Lemma 3.2 


Page 12, Theorem 3.3, 
Page 13, Corollary 3.4 and 
Page 13, line -10. 


2. Determine V [f] where f = eX cos y and V = 2U, - U, + 3U3. 
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Technique (iii) 


3. Page 15, Exercise 2(c). 


Technique (tv) 


4, Page 15, Exercise 3(e). First prove that V[f?] = 2f V[f]. 


Theory Exercises 


5. Page 15, Exercise 4. 
6. Page 15, Exercise 5. (HINT: Use Exercise 4.) 
Solutions 
1. Page 14, Exercise 1(c). 
By Definition I.3.1, 


vplf] 7A (Elp + tv))|c = o. 


Here 
p + tv = (2, 0, -1) + t(2, -1, 3) = (2 + 2t, -t, -1 + 3t) 
and 
f(p + tv) = (eXcosy) (2 + 2t, -t, -1 + 3t) 
= e? * 2tcos (- t), by the pointwise definition of addi- 
tion, multiplication and composition 
of functions and the definition of the 
functions x and y, 
= e?e?tcos t. 
Hence 
vplf] = e? -S(e?tcost)|, = o 
dt 
=e? (2e?tcos t - e?tsin t), = 0 7 2e?. 
2. The value of the function V[f] at a point p is given by the formula 


(VLE Xp) = V(p)It]. 
Now V(p) = 2U,(p) - U;(p) + 3Us(p) = (2, -1, 3). 


Hence if p = (p,, P2, p3) then 


Vip) ff] = <P Pa» Ps) + t(2, -1, 3)))|¢ = O 
= ip, + 2t, p, - t, pa + 3t)) |. - 0 
dt 
= (cP * Meos(ps - t)) =0 


= (2eP1 * 2t cos(p; - t) +eP1 + 2t sin(p,- t)) lt -0 


= eP! (2cos p, + sin P2)- 
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So V[f] (p) = eP!(2cos p; + sin pz) and hence 
V[f] = e*(2cos y + sin y). 


Page 15, Exercise 2(c). 
By Lemma I.3.2 


vplf] = Zvi- (p), 


Ox; 


though in this solution we replace x4, x2, x3 by x, y, z. Since f = e*cos y it 
follows that 


pr = eXcos y, d =-eXsin y and ote 0. 
ox dy Oz 


Since p = (2, 0, -1) 
of of of ,- 
—(p)=e*, —(p)=0 and —(p)- 0. 
ox dy Oz 
Hence, since v = (2, -1, 3) 


vp [Ef] = 2.eŽ + (-1).0 + 3.0 = 2e?. 


Page 15, Exercise 3(e). 
By the Leibnizian property, Corollary 1.3.4(3), 


V[f?] = V[f.f] = V[f].f +f V[f] = 2f V[f]. 
Hence by the linearity property, Corollary I.3.4(2), 
VIP * g*] = 2(f V[f] +g Vfg]). 


Now 
V[f] = (y*U, -xU3) [xy] = y'Ui[xy] - xU3[xy] 
- 34909. 90) since U;[f] = OF 
0x Oz OX; 
=y*.y-x.0=y?. 
Similarly, 
Vig] = (y?U, - xU3)[z7] 
= -9xz? 
and hence 


V[f? + g?] = 2(xy. (y?) + 2°. (-3xz?)) 
= 2x(y* - 325). 


Page 15, Exercise 4. 
Following the hint we evaluate V[xi] „where V = ZviUi. 


For fixed j we have 


Ox; 


Ox; 


V[xi] = ZviUj[xj] = Zvį 


M334 I.3 
Now Š*i = 1 if i = j and is zero otherwise. Hence 
Ox; 
VĮxį = Vi for all į, 
and 
V = ZvįU; = ZVĮ|x;] Ui. 
6. Page 15, Exercise 5. 
Since V[f] = W[f] for every function f on E? it follows that 
V[xi] = W[xi] (i= 1, 2, 3). 
Hence by the result of Exercise 4 


V = ZV[x;] Uj = ZW[xi]U; =W. 
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L4 CURVES IN E? 


Introduction 


This section follows on from Sections I.2 and 1.3. We review two ways of defining 
curves, the definition of the velocity of a curve, and show how the rate of change of 
a function along a curve is related to the directional derivative with respect to the 
velocity vector. 


READ: Section I. 4 (pages 15-21) omitting the proof of Lemma 4.6. 
———————————————M————— — MÀ 111111 


Comments 


(i) Section I.4 From Definition 4.1 you might think that curves always 
have routes that appear in some sense smooth. However, curves can be 
degenerate in several different ways. For instance, the simplest curve is the 
constant curve 4: t-— 0, which has as its route a single point. The curve 
a: t —» (sint, 0, 0) has as its route a closed interval which it traverses 
infinitely often. It is even possible to have a curve that turns sharp corners. 
For instance, the curve 


Ce Ut, 0,0 fort<0 
a:tt— 1 (0, 0, 0) fort = 0 
(0, VE, 0) fort>0 


has the following route 


This function was chosen to ensure that the Euclidean coordinate functions 
are ‘infinitely’ differentiable. In order for the curve to stand still, reverse or 
turn a sharp corner, as in the above examples, it is necessary for the velocity 
vector to take the value zero. Hence, if we restrict attention to regular curves 
all these pathologies can be avoided. The definition of a ‘Curve’ ensures that 
we can always find a regular parametrization of each component. We use the 
word *'closed" to describe components of a Curve that are like a distorted 
circle and so not surprisingly they have periodic parametrizations. Any 
component that is not like a distorted circle is like a distorted copy of the 
real line and so not surprisingly has a one-to-one parametrization. The circle 
and a branch of the hyperbola, described on page 21, are typical of closed 
and not closed Curves. 
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(ii) 


Page 15: line 9 of the section Here the Euclidean coordinate functions 
are real-valued functions on some interval I. When we described a vector field 
in terms of its Euclidean coordinate functions they were real-valued func- 
tions on E’. 


Supplementary Comments 


(1) Page 16: Example 4.2(3) 
a(t) = (2cos? t, sin 2t, 2sin t) = (2cos? t, 2sin t cos t, 2sin t). 
Since 
(2cos? t)? * (2sint cost)? * (2sin t)? 
= 4cos? t(cos? t + sin?t) + 4sin? t = 4(cos?t + sin? t) = 4 
it follows that o(t) belongs to S. 
Also 
o(t) - (1,0,0) = (2cos?t - 1, sin 2t, 2sin t) = (cos 2t, sin 2t, 2sin t) and since 
cos? 2t + sin? 2t = 1 it follows that o(t) belongs to C. 
As t tends to 0 the point a(t) tends to (2,0,0), and as t tends to 7/2 the point 
a(t) tends to (0,0,2), and hence a follows the route sliced from C by the 
sphere S. 
(ii) Page 18: line 6 Since o(t) = pj + qj (i= 1, 2, 3) it follows that 
de; /dt(t) = qi (i = 1, 2, 3) and hence a (t) = (g;, 92, q3)o(t): 
(ii) Page 19: Lemma 4.5 By the definition of the composite of two 
functions, 
(a(h))(s) = a(h(s)) and (os(h))(s) = os(h(s)). 
Hence, since f(s) = a(h(s)) = (a(h))(s), 
B'(s) = (a(h)) (s). 
Since a(h(s)) = (e(h(s)), e(h(s)), as(h(S))), 
(o(h))(s) = ((e1(h))(s), (@a(h))(s), (&3(h))(s)) 
and by Definition 4.3 
(cx(h))'(s) = (e5(5)) (5), (055) (), (050) (5) 
The result now follows as on page 19. 
Summary 
Notation 
a(t) = (ælt), ælt), ast) —— Page 15 dine’? 
a = (a, 05, Aa) Page 15, line 10 
a Page 15, Definition 4.1 
a (t) Page 17, Definition 4.3 
C: f=a 


Page 20, line -5. 
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Definitions 


(i) 


Euclidean coordinate functions of a curve 
& = (0t, Xp, As) 
Curve a 
Velocity vector of a curve a(t) 
Reparametrization of a curve 
Periodic curve 
Period of a curve 
Regular curve 
‘Curves’ on the plane defined implicitly C: f = a 


Closed curve on the plane 


Examples 


(i) 
(ii) 


Results 


(i) 


(ii) 


Straight line. a(t) = p + tq 


Helix. a(t) = (a cos t, asin t, bt) 


If B is the reparametrization of a by h, then 


B'(s) = 2 (s).a'(h(s)). 


If œ is a curve in E? and f is a differentiable 
function on E?, then 


wore - S69, 


Techniques 

(1) Determination of a parametric representation of a 
straight line. 

(ii) Determination of the velocity vectors of a curve. 

(üi) ^ Determination of the effect of reparametrization 
on velocity vectors. 

(iv) Calculation of the rate of change of a function 
along a curve by means of the directional deriva- 
tive with respect to the velocity vector. 

(v) Parametrization of implicitly defined 'Curves' in 


E?, 
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Page 15, line 9 

Page 15, Definition 4.1 
Page 17, Definition 4.3 
Page 18, Definition 4.4 
Page 20, line 13 

Page 20, line 15 

Page 20, line -10 

Page 20, line -5 


Page 21, line 5 and 
Text: page 22 


Page 15, Example 4.2.(1) 
Page 15, Example 4.2.(1) 


Page 19, Lemma 4.5 


Page 19, Lemma 4.6 


Page 15, Example 4.2.(1) 
Page 17, Definition 4.3 


Page 19, Lemma 4.5 


Page 19, Lemma 4.6 


Page 21. 
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Exercises 


Technique (1) 


l. Page 21, Exercise 5. 


Technique (ti) 


2. Page 21, Exercise 1. 


Technique (iii) 
3. Page 21, Exercise 3. Evaluate o'(7/4), 8'(14/2) and (dh/ds)(1Ą/2). Verify 
Lemma I.4.5 in this case. 


1 
(Note: sin“! was called arc sin in M231 and (sin'!)' (s) = 1/(1 - s?)?.) 


Technique (tv) 


4, Page 21, Exercise 7. 


Technique (v) 


5. Page 22, Exercise 10. 


Solutions 


l. Page 21, Exercise 5. 
Suppose the line is given by a(t) = p + tq. If it passes through the points p; 
and p we can assume a(0) = p, and a(1) = p2. Then p = p; and q = p;- p; 
and hence a(t) = p, + t(p2- pi). If p, = (1,-3, -1) and p2= (6, 2, 1) the curve 
is 


a(t) = (1, -3, -1) + t((6, 2, 1) - (1, -3, -1)) 
= (1, -3, -1) + t(5, 5, 2) 
= (1 + Bt, -3 + 5t, -1 + 2t). 
Similarly the line which passes through (-1, 1, 0) and (-5, -1, -1) is given by 
B(s) = (-1 - 4s, 1 - 2s, -s). 


If the lines meet, there are real numbers t and s such that 


a(t) = Bs). 
i.e. 1+ 5t - -1 - 4s 
-3+5t=1- 2s 
-] + 2t=-s. 


The first two equations can be solved uniquely giving t = 2, s = -3, which is 
also a solution of the third equation, so the lines meet at 


o(2) = B(-3) = (11, 7, 3). 
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Page 21, Exercise 1. 
a(t) = (2cos?t, sin 2t, 2sin t). 
Hence by Definition I.4.3, 
a'(t) = [aeos t), A (eia 2t), 4 (asin t) 
dt dt dt a(t) 


= (-4cos tsin t, 2cos 2t, 2cos t) (2cos? t, sin 2t, 2sin t) 


"and 


|= (-2, 0,72) (1, 1,72). 


E 
a f 
4 
Page 21, Exercise 3. 

By Definition I.4.4 the reparametrized curve is given by 


B(s) = o(h(s)) = o(sin'! s). 
Now a(t) = (2cos?t, sin 2t, 2sin t) and to make progress we express a(t) as a 
function of sin t. 


1 
We find that a(t) = (2(1 - sin?t), 2sin t (1 - sin2t)Ž,2sin t), using the identi- 
ties cos? t + sin? t = 1 and sin 2t = 2sin t cos t. 


Hence f(s) = a(sin' Ks)) 
= (2(1 - s?), 2s(1 - s? 4, 2s). 


The function sin“! has domain [-1, 1] and so is well defined for 0 <s<1 
and takes values in the interval 0 < s < 7/2. 


Now | 
a (t) = (-4cost sint, 2cos2t, 2cost) 
and 
aims [47 — 0, 2—)- (-2, 0, 4/2). 
4 V2 2 V2 
Also 
o 2s? 
B'(s) = [5 2(1 - s?)? - i32 
(1 - 94) 
and 
"| = (-24/2, 0, 2). 
„/2 
Finally 
O = , and p P /2 
ds (1-s?)* ds W/2 
Hence 


r = dh C „a d and, since h c = sin! e =f, 
„/2/ ds\v2 4 y2 „/2/ 4 
this agrees with Lemma I.4.5. 
Page 21, Exercise 7. 
Let a(t) 7 (t, 1 + t?, t), 

B(t) = (sint, cost, t), 

y(t) = (sinht, cosht, t). 
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Then a’(0) = 8'(0) = y'(0) = (1, 0, 1) (0, 1, 0): The curves have the same 
initial velocity Vp: 


By Theorem I.4.6 
d d d 
vp lf] =—(F(@))|t = o = —(F(6))|t = o = —(()|t = 0 
dt dt dt 
and since f = x? - y? + z? we have 


tay]. - o E - (1 +t)? ee). o Lre) ]t- 079. 
t 


(f): o 7 Sin? t - cost + je - o 7 0, 
dt dt 


(E): = o7 S (sinh? - cosh? t 4 t/t 2070. 
dt 


dt 
This is the answer we expect since by Lemma I.3.2 
of o. 9f + 
(1,0,1) 0,1, lt] = (1.28 + Lo 1, 0)) 
ox jo E? 


= 2x((0, 1, 0)) = 0. 


5. Page 22, Exercise 10. 


(a) a:t (3 cost, sin t) 


y 
(0, 1) 
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y 
(0, 4) 
($0) . 
(c) a: t — (t, e!) 
y 
(0, 1) 
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(d) a:t-—(t, (1 - Gy) 
0<t<1 
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I.5 1-FORMS 
Introduction 


This section follows on from Section I.3, Directional Derivatives. 


In this section we introduce 1-forms. A 1-form is an extension of the idea of linear 
functional. A linear functional is a linear transformation between a vector space V 
and the underlying vector space of reals R. Now we have a collection of vector 
spaces, the tangent spaces Tp (E°), and we require our 1-forms to map any tangent 
vector to a real number in such a way that the restriction to any one tangent space is 
a linear functional. 


READ: 


Section I. 5 (pages 22-25). 


Comments 


(i) 


(ii) 


(iii) 


Page 23: Definition 5.2 If V is a vector field, then the definition of the 
differential implies that df(V)= V[f]. This arises from the pointwise 
definition in the following way. For any point p in E? 


(dt(V))(p) = df(V(p)) = V(p)If] = (V[f] (p) 
and so df(V) =V[f]. 


Page 23: Example 5.3.(1) The symbol bij is a very useful tool and 
identities such as 


2vjbij = viði, + VaŠi + Vadi; 7 v; (i= 1, 2, 3) 


occur frequently. To check this identity we look at an example, say i = 2. 
Then 


2 vj?;j 7 vjO5, t V02 + V323 
J 


=v,.0 + v4.1 + v3.0 =v». 


Page 23: line -1 We use the same symbol for a real number and for the 
constant function taking that value. Hence we can write dx; (Uj) = 8i. We 
obtain this result from first principles as follows 


dx;(Uj) = Uj 
xj 
This is the basic result to remember. It can be used to obtain the results of 
both Example (1) and (2) as follows: 
Q) — dxivp)- sz = Eyjdxj(Uj(p)) 
J J 


I 


(2) (vp) = (ži) sin 
J 


= Z fi(p)vjdxi(Uj(p)) = Zfi(p)vióiy 


i, J i, j 
= Zfi(p)vi- 


1 


SUT! SINNORLATO4 TUINGVONYI 
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(iv) Page 25: Lemma 5.7 This follows from the rule for the partial differen- 
tiation of a composite given in the Additional Comments to Section I.1. 


Supplementary Comments 


(i) Page 23: lines 5 to 10 Two functions are equal if they take the same 
value at each point p of E?. 
Now 
(6(fV + gW))(p) = $((fV + gW)(p)), by the definition of the 
evaluation of a 1-form on a 
vector field, 
= $(f(p)V(p) + g(p)W(p)), by the pointwise definition 
of operations on vector 
fields 
= f(p)&(V(p)) + s(P)ė(W(p)), by the definition of a 
1-form 
= £(p)(O(V))(p) + s(P)(6(W)) (P) 
= (fé(V) + g6(W))(p). 
Hence 


o(fV + gW) = f 6(V) + g6(W). 
Similarly, since 
((f6 + gW)(V))(p) = (fó + gV)(V(p)) 
= f(p)¢(V(p)) + s(P)V(V(P)) 
= Ep)(6(V))(P) + s(P)(V(V)) (p) 
= (fe(V) + gV(V))(p), 
it follows that (fọ + gy)(V) = f¢(V) + gy(V). 


(ii) Page 23: Definition 5.2 The function df is a 1-form since 
df(avp + bwp) = (avp + bwp) [f] 
= avp[f] E bwp[f] j by Theorem I.3.3.(1), 
=a df(vp) *b df(wp). 


(iii) ^ Page 24: the proof of Lemma 5.4 Since the natural frame field forms a 
basis, when restricted to each vector Space, any l-form that is zero on all 
three of these vector fields must be the zero 1-form. For j = 1, 2, 3, 


[+ : Z4(Uas; (oj) = $(U;) - Zé(U;)dxi(U;) 
= (Uj) - Zé(Ui)àij = 6(Uj) - 6(Uj) = 0. 


Hence 6 - 2¢(Uj)dx; = 0 and ¢ = 2$(U;)dx;. 
i i 
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(iv) Page 24: the proof of Corollary 5.5 This can be proved directly using 
Lemma I.5.4. 
df = Xdf(U;)dx;, by Lemma I.5.4, 
i 
= ZU; [f] dx;, by Definition 1.5.2, 
i 
=z us dx;. 
i 0X; 

(v) Page 25: the worked example How do we obtain the first term 2xy dx? 
Now f=xy+... and hence df= d(x?y) * ... = d(x?)y + x?dy *..., by 
Lemma 1.5.6. To evaluate d(x?) rigorously we need to introduce the 
squaring function S : t-— t? for which S' : t —> 2t. 

Then d(x?) = d(S(x)) = S'(x)dx, by Lemma I.5.7, 
= 2x dx. 
Hence df = 2xy dx + x?dy +... 
Finally vp[f] = df(vp) is evaluated using the result of Example 5.3.(2). 

Summary 

Notation 

6 Page 22, Definition 5.1 

(vp) Page 22, Definition 5.1 

$p Page 22, line -11 

$ó ty Page 22, line -7 

fọ Page 22, line -4 

e(V) Page 22, line -2 

df Page 23, Definition 5.2 

df(vp) Page 23, Definition 5.2 

df(V) Text: page 30 

dx; Page 23, Example 5.3.(1) 

Šij Page 23, line -12 

Definitions 

(i) 1-form $ Page 22, Definition 5.2 

(ii) Addition of 1-forms Page 22, line -7 

(iii) ^ Multiplication of a 1-form by a real-valued 
function Page 22, line -4 

(iv) The effect of a 1-form on a vector field Page 22, line -2 

(v) The differential of a real valued function df Page 22, Definition 5.2 

(vi) ^ Kronecker delta bi Page 23, line -12 
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Results 


(i) 


6(V) is linear in both the 1-forms 6 and vector 
fields V. 


(ii) dxi(vp) = vi. 
(iii) If 6= Zfįdx;, then (vp) = Zfi(p)vi- 
(iv) dx;(Uj) = ôij. 
(v) 6= ZG(Uj)dx;. 
(vi) df= z3 ax. 
Ox; 
(vi) | d(f+ g) = df + dg. 
(viii)  d(fg) = gdf + fdg. 
(ix) Iff:E?— Rand h: R—R then d(h(f)) = h'(f)df. 
Techniques 
(i) Recognition of a 1-form, by comparison with the 
formula (avy + bwp) = aó(vp) + bė(wp)- 
(ii) Expressing a 1-form in standard form using the 
formula $ = Z6(U;)dxį. 
(iii) ^ Evaluation of the effect of a 1-form on a tangent 
vector using the formula 
(Vp) = Efi(p)vį where ¢ = Zfidxį. 
i i 
(iv) ^ Evaluation of the effect of a 1-form on a vector 
field using the identity dx;(Uj) = bij and linearity. 
(v) Calculation of differentials using the ‘chain rule’ 
df = OE a + CURA LEN 
Ox, 0x» 0x3 
(vi) Calculation of differentials using the linear, 
Leibnizian and composite properties 
d(f + g) = df + dg, 
d(fg) = g df + f dg, 
d(h(f)) = h'(f)df. 
(vii) Evaluation of directional derivatives using 
differentials 
Yplf] = df(vp). 
Exercises 


Techniques (i) and (ii) 


l. 


Page 26, Exercise 7. 
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Text: page 31 

Page 23, Example 5.3.(1) 
Page 23, Example 5.3.(2) 
Page 23, line -1 

Page 24, Lemma 5.4 


Page 24, Corollary 5.5 


Page 24, line -9 
Page 24, Lemma 5.6 
Page 25, Lemma 5.7 


Page 22, Definition 5.1 


Page 24, Lemma 5.4 


Page 23, Example 5.3.(2) 


Text: page 30 


Page 24, Corollary 5.5 


Page 24, line -9 
Page 24, Lemma 5.6 
Page 25, Lemma 5.7 


Page 23, Definition 5.2 
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Technique (iii) è 


2: Page 25, Exercise 1(c). 

Technique (1v) 

3. Page 25, Exercise 3. Evaluate ¢ on W only. 
Technique (v) 

4. Page 26, Exercise 5(a). 

Technique (vi) 


1 


1+t? 


5. Page 26, Exercise 5(b). | Note: (tan!) (t) = 


Technique (vii) 


6. Page 26, Exercise 6(b). 
Solutions 
l. Page 26, Exercise 7. 


To be a 1-form, ¢ needs to be linear on each tangent space Tp(E?). That is, 
the mapping 


(va, V2, V3) — 9 ((Vi, Va, V3)p) must be linear for each p in E?. 
(a) The mapping is 
(vas V2, V3) — Vi 7. V 


which is a linear mapping from E? to R independent of whichever 
point p we choose. Hence this does give us a 1-form. 


Now 6(U1(p)) = 6((1, 0, 0)5) = 1 
$(U2(p)) = 9((0, 1, 0)p) = 0 
6(Us(p)) = $((0, 0, 1)p) = -1 


and hence, since @ = 2¢(Uj)dx;, 
i 


$ = 1.dx,- 1.dx3=dx,- dx; 


(b) This is not linear, since, for a fixed point p with pı% p3 and 
non-zero vector v, the definition gives 


$(2vp) = (Vp) =pi-p3 #0 
while we would expect $(2vp) - 26(vp) if @ were linear. 
(c) For fixed p = (pi, po, p3) the mapping is 
(vis Va» V3) —> P3V1 + Pivos 


which is linear and hence ó is a 1-form. 
Now $(Ui(p)) = &((1, 0, 0)p) = ps = xs(p) and hence 6(U;) = x3; 


¢(U2(p)) = o((0, 1, 0)p) = p; = xi(p) and hence Q(U;) = xy 
6(Us(p)) = 6((0, 0, 1)p) = 0 


and hence 6 = X(U;)dxj = x3dx, + x4dx;. 
i 
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(d) 


(e) 


(f) 
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For fixed p the mapping Vp >v [x?+y?] is linear, by Theorem 
1.3.3.(1), and since vp[x?+y?] is a real number 6, is a linear func- 
tional and ¢ is a 1-form. Now by the definition of a differential 


Yp [x^* y?] = d(x?+ y’)(vp)- 
Hence, since 6: vy -— Yplx* + y?] = d(x’ + y*)(vp), it follows that 
$ = d(x? + y?) = 2x dx + 2y dy. 


This mapping is linear for each fixed p and so does define a 1-form. 
Obviously it is the zero 1-form, for which again we use the greatly 
overworked symbol 0. 


This fails to five us a 1-form for much the same reason as for part 


(b). 


2; Page 25, Exercise 1(c). 
If y = Zf;dx; then V(vp) = Zfį(p)vį. 
i 


Here y = (z? - 1)dx - dy + x?dz and hence 
V(vp) = (P3- I)vi - va + pivs. 


If Vp? (1, 2, 3) (0, -2, 1) then V(vp) = -2, 
3. Page 25, Exercise 3. 
6(W) = (x’dx - y*dz)((xy + yz)U, - yzU; - xyUs) 


= x*(xy + yz)dx(U;) - x?yz dx(U;) - xĉy dx (Ua) 


-y*(xy + yz)dz(U,) + y?z dz(U;) + xy? dz(U,), by linearity, 
x*(xy + yz) + xy? = x3y + x?yz + xy? 


xy(x? * xz * y?), 


since dx(U,) = dz(U,) = 1 and all the other similar terms are zero. 


4. Page 26, Exercise 5(a). 


of of 


By Corollary 1.5.5, df =— dx + — dy 9 qu 


ox dy 0Z 


1 -L 
Here f = (x? + y? + z2)? and hence L x(x? + y? + 72)? 


Ox 
of of 


Using similar results for — and —_we obtain 


oy Oz 
-L 
df = (x? y? + z?) ? (x dx + y dy + z dz). 


5; Page 26, Exercise 5(b). 
When dealing with the function tan (y/x) we must restrict ourselves to a 


region 


of E? on which the function x is never zero. The largest such domain 


is {p E E? : p, #0}, 
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Now d(tan'!(y/x)) = (tan"!Y(y/x)d(y/x), by Lemma I.5.7, 


1 
- 0 — d(y/x), 
1 + (y/x)? 
2 
- lay * yd ei , by Lemma I.5.6, 
x? + y? ix x 
2 
= * 2 - "t by Lemma 1.5.7, 
xžtyžix x 
„X dy - ydx 
x2 + y? 


Page 26, Exercise 6(b). 
By Corollary I.5.5 
d(xeY?) = Q(xeY7) dx + Q(xeY7) dy + 0(xeY2) dz 
Ox oy 0Z 
= eYŽ(dx + xz dy + xy dz). 


Hence df[vp] = eP2P3 (vi + Pı P3 V2 + P1 P2 V3) and if Vp = (1, 2, 3) (0, -2, 1) 
it follows that di[vp] = e?, 
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L6 DIFFERENTIAL FORMS 


Introduction 


This section follows on from Section I.5, where we gave an abstract definition of a 
1-form and then proved that any 1-form is a combination of the differentials of the 
natural coordinate functions. In this section we introduce O-, 1-, 2- and 3-forms as 
formal expressions in terms of these differentials and define the wedge product and 
exterior derivative of such forms. In Chapter IV and Chapter VI we shall see that 
these higher dimensional forms can be defined in terms of multilinear functionals 
operating on tangent vectors. 


READ: Section I.6 (pages 26-31). 


Comments 
(1) Page 27: lines 15 to 19 Take these formal expressions as the definitions 
of 0-, 1-, 2-, 3-forms and treat the previous paragraphs as motivation only. 


In certain cases it is possible to simplify the formal expression for a p-form 
without introducing any ambiguity. 


(a) If some, but not all, of the coefficient functions are the zero func- 
tions we can omit the corresponding part of the linear combination. 
For example 


e*dx + xyzdy + Odz = eXdx + xyzdy 
and 
zždxdy + Odxdz + Odydz = z?dxdy. 


(b) If all the coefficient functions are zero we have the zero p-form and 
when no confusion can arise we just write this as 0. 


That is, 

(i) the constant function with value 0 is the zero 0-form. 
(ii) Odx + Ody + 0dz = 0 is the zero 1-form. 

(iii) Odxdy + Odxdz + Ody dz = O is the zero 2-form. 
(iv) 0 dx dy dz = 0 is the zero 3-form. 


It is very unlikely that this abuse of the symbol 0 will ever lead to an 
ambiguity. 


(c) If some of the coefficient functions are the constant function with 
value 1 we omit them. For example, 


eY dx + ldy + ldz = eY dx + dy + dz 
and eYdxdy + Odxdy + ldydz = eYdxdy + dy dz. 


(d) If some of the coefficient functions are the constant function with 
value -1 we omit the symbol “1”. For example, 


1 dx dy + (-1) dx dz + Ody dz = dx dy - dx dz 
and (-1) dx dy dz = -dx dy dz. 
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(ii) 


(iii) 


(iv) 
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More generally, if some coefficient function is -f, for some more 
commonly used function f, we write ... -f ... instead of 


...+(-f)... . For example, 
xdx + (-y) dy + 0 dz = x dx - y dy. 
Page 27: line 23 Using the interpretation of 1-forms given in the last 
section we can prove that to add 1-forms or multiply them by some real- 


valued function all we have to do is to add the coefficient functions or 
multiply them by the given function. That is, 


Zfįdx; + Zgidx; = Z(f; + gi)dxį, 
f(Zf;dx;) = Z(ffj)dx,;. 


Since we have no way of interpreting 2- and 3-forms yet the best we can do 
is to define addition and scalar multiplication in a similar way. That is 


(fj dx dy + g,dxdz + h,dydz) + (f;dx dy + g;dxdz + h4dy dz) 
= (f, + fj)dxdy + (gı + ge)dxdz + (h, + h;)dy dz; 
k(fdxdy + gdxdy + hdydz) = kfdxdy + kgdxdz + khdydz; 
f„dxdydz + f,dxdydz = (f, + f,)dx dy dz; 
g(fdx dy dz) = gfdxdy dz. 
Page 27: Example 6.1 This example serves as a definition of the wedge 
product. 
The product is given by the following procedure. 


(a) Expand using the distributive law, bringing the coefficient functions 
to the front, dropping the symbol A but maintaining the order of the 
differentials. 


(b) Drop terms with a repeated differential. 


(c) Reorder the strings of differentials using the alternation rule. 


Page 28: Definition 6.3 The wedge products df;^dx; are expanded using 
Corollary 1.5.5. 


That is, 


“p 95 dx, + Of ax, + 95 dalada 


Ox, OX, 0X3 
= 9 dx,dx; + Hr dx4dx; + oti dx 3dx;. 
OX, OX, 0X3 


The definition of the exterior derivative can be extended to cover 2-forms. If 
n = f dx dy + g dx dz + h dy dz 
then 
dn = dfAdx dy + dg^dx dz + dh^dy dz 


and this expression is again expanded using Corollary I.5.5. 
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(v) Page 29: line 13 Though we can multiply l-forms by any real-valued 
functions, in this formula the coefficients a and b are only real numbers or 


equivalently constant functions. 


(vi) ^ Page 30: lines 11 and 12 Since dx dy dz is obtained from dz dx dy 
by two interchanges the expression is multiplied by (-1)? = 1. 


Summary 


Notation 


fdx * gdy * hdz 

fdxdy * gdxdz * hdy dz 
f dx dy dz 

gay 

dė 


Definitions 


(i) Differential form 
0-form 
1-form 
2-form 
3-form 
(ii) Addition and multiplication of forms 


(iii) ^ Wedge product $^ y 


(iv) Exterior derivative do 
Results 
(1) The wedge product of 1-forms satisfies the 


alternation rule $^ y -y^ó 


(ii) The exterior derivative satisfies linear and 
Leibnizian properties 


d(aó * by) - adó * bdy 
d(fg) = dfg + f dg | 

d(f9) = dfag + f dj 

d(ó^ y) = dé^y — pady. 


Page 27, line 16 

Page 27, line 18 

Page 27, line 19 

Page 27, Example 6.1 
Page 28, Definition 6.3 


Page 27, lines 15-19 


Page 27, lines 20-23 
Page 27, Example 6.1 


Page 28, Definition 6.3 and 
Text: page 38 


Page 28, Lemma 6.2 


Page 29, line 13 and 
Theorem 6.4. 
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Technigues 
(i) Addition and scalar multiplication of 

differential forms. Page 27, lines 20-23 
(ii) Expansion of the wedge product of 

differential forms. Page 27, Example 6.1 
(iii) ^ Expansion of the exterior derivative. : Page 28, Definition 6.3 
(iv) ^ Expansion of the exterior derivatives using 

the linear and Leibnizian properties. Page 29, Theorem 6.4 
Exercises 
Technique (i) 


1. (a) Add the 2-forms 
xdxdy + ydxdz and -xdxdy + eXYdxdz + 2dy dz. 


(b) Multiply the second of the above 2-forms by the function e~*Y. 


Technique (11) 


2. Form the wedge product of 
(a) yzdx + dz and dy + zdz, 
(b) yzdx + dz and -xdxdy + eXYdxdz + 2dy dz. 


Technique (iii) 

3. Find the exterior derivative of 
(a) xyzdx + dz, 
(b) xyz dx dy. 

Technique (iv) 


4, Page 31, Exercise 3. 


Theory Exercise 


5. Page 31, Exercise 7. 
Solutions 
1. (a) (xdxdy + ydxdz) + (-xdxdy + e*Ydx dz + 2dy dz) 


= (x + (-x))dxdy + (y + eXY)dxdz + 2dy dz 
= 0 dx dy + (y + e*Y)dx dz + 2dy dz 
= (y + eXY)dx dz + 2dy dz. 
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(b) e XY(-xdxdy + eXYdxdz + 2dy dz) 
=-xe"*Ydx dy + e*Ye-*Ydx dz + 2e-XYdy dz 
=-xe *Ydx dy + 1 dx dz + 2e *Ydy dz 
=-xe"*Ydxdy + dxdz + 2e-XYdy dz. 


2. (a) (yzdx + dz) ^ (dy + zdz) 


=yzdxdy + yzždxdz + dzdy + zdz dz, by the distributive rule, 
=yzdx dy + yzždxdz + dzdy, since dzdz = 0, 
=yzdxdy + yz?dxdz - dy dz, by the alternation rule. 


(b) (yzdx + dz) ^ (-xdxdy + eXYdxdz + 2dy dz) 
= -xyz dx dx dy + yzeXYdx dx dz + 2yzdx dy dz 


-x dz dx dy + e*Ydzdxdz + 2dz dy dz, by the distributive law, 
= 2yz dx dy dz + xdzdx dy, since dx dx ay = dx dx dz 
=dzdxdz = dzdydz = 0, 
=(2yz - x)dx dy dz, since dzdx dy = dx dy dz. 
3. (a) d(xyzdx + dz) = d(xyzdx + 1dz) 


= d(xyz) A dx + d(1) A dz 
= d(xyz) A dx, 


since the differential d(1), of the constant func- 
tion with value 1, is the zero 1-form and since 
0 ^ dz is the zero 2-form, 


= (yzdx + xzdy + xydz) ^ dx, 
by Corollary 1.5.5, 

= yzdxdx + xzdy dx + xy dz dx, 
by the distributive rule, 

= xzdy dx + xy dzdx, 
since dx dx = 0, 

= -xzdxdy -xy dx dz, 


by the alternation rule. 


(b) d(xyz dx dy) = d(xyz) A dx dy 


(yzdx + xzdy + xydz) A dx dy 


yzdxdxdy + xz dy dx dy + xy dx dx dy 


xy dz dx dy 


il 


xy dx dy dz. 
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Page 31, Exercise 3. 
V Of 
By Corollary 1.5.5, df = 2___dxj. 
i Ox; 
By Definition 1.6.3, d(df) = Z d (2) ^ dxi. 


1 (xi 


Again using Corollary I.5.5 we have 


7 D A E af 
d(df) =£ |È dx; A dx; =22Z dxjdxį. 
1 M Ox; àxj 1 J Ox; Ox; 


There are nine terms in this sum, which we must show is zero. We know that 
the terms involving dx,dx,, dx,dx, and dx3dx 3 are already zero. The 
remaining six terms occur in pairs such as 

ð? f 2 
dx,dx,; + orf 
Ox, Ox, 0X2 OX, 


dx, dx). 


By the alternation rule this is 


2 2 
' 0 f + WU dx, dx. 


Ox, Ox) OX, Ox, 


But we know that 0?f/0x,0x. = 07f/dx,0x, for suitably differentiable 
functions, and so the remaining terms in the sum for d(df) cancel in pairs. 


Hence d(df) = 0. 
By Theorem I.6.4, 
d(fdg) = df A dg + fd(dg), 


il 


df ^ dg, by the above result. 


Page 31, Exercise 7. 
Any 1-form 6 is of the form 


o= Ž fidx;, — 
where f; and x; are differentiable functions. 
By Definition I.6.3, 
do = zi df; ^ dx; 
and by Theorem I.6.4 (3), 
d(d¢) = S (d(df;) ^ dx; - df; A d(dx;)). 
By Exercise 3 we know that both d(df;) and d(dxj) are zero and so 
d(d@) = 0. 
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I.7 MAPPINGS 


Introduction 


This section follows on from Sections I.3 and I.4. 


In Section I.3 we introduced directional derivatives in order to differentiate func- 
tions from E? to R, and in Section I.4 we introduced the componentwise differen- 
tiation of functions from R to E°. In this section we combine these ideas in order to 
differentiate functions from EN to EM, for any positive integers n and m. The 
derivative mappings of these functions turn out to be linear transformations between 
corresponding tangent spaces and we shall describe the matrices representing them. 


READ: Section I.7 (pages 32-39). 


Comments 


(i) 


(ii) 


(iii) 


Section I.7 In this section there are several straightforward general- 
izations of definitions that have previously been applied to E? only. Those 
that are not specifically mentioned are: 


(a) Natural coordinate functions x,,..., Xp, which generalize those of 


Definition I.1.2. If p is a point in E” then x;(p) = p; (i= 1, 2,..., n). 


(b) Tangent vectors vp in EN, which generalize those of Definition I.2.1. 
The tangent vector Vp represents the “arrow” from ptop+vin EN, 


(c) Curves a(t) = (a(t), ..., @,(t)) in EN, which generalize those of 
Definition I.4.1. 


(d) Straight lines t — p + tv in EN. 


(e) The velocity vector o'(t) = ((da,/dt)(t),..., (dan/dt)(t))a(t) for a 
curve & in EN, which generalizes Definition I.4.3. 


(f) The directional derivative v [f] of a function f on EN with respect to 
a tangent vector vp, which generalizes that of Definition L3.1. That 
is, vp[f] = (d/dt) Fp + tv)) " = 0: 
Page 36: line 3 
Fx(v) = F(p + tv) 40) 
= ((p1 + tvi)? - (pa + tv>)?, 2(p, + tv, (po + tv>)) (0) 
7 (Z(p + tvi)vi - 2(pı + tv2)v2, 2(py + tvi)va + 2vi (pa + tv, ))(0) 
= 2(P1V1 — P2V2, PiV2 + Pavį). | 
Page 37: following Corollary 7.7 To obtain the j-th column of a matrix 
representing a linear transformation with respect to given bases, we find the 


coordinates for the image of the j-th basis vector in the domain, in terms of 
the basis for the codomain. 
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In Example 7.3(2) we take as basis vectors for the domain U, (p) and U; (p) 


and for the codomain U,(F(p)) and U,(F(p)). Hence, by Corollary 7.7, the 
linear transformation is represented by 


of of 
— (p) +— (p) 
du ðv 


$5 — 35 


ðu ðv 


where f, = u? - v? and f, = 2uv. 
All such matrices are called Jacobian matrices. 


Hence at p = (p1,p2) the Jacobian matrix is 


(n lbi f i 2 
2v(p) 2u(p) 2p2 2p, 


The image of a typical vector v = (v, v4) under this transformation is 
2p1 — -2po Vi P1V1 - P2V2 
= 2 
2p2 2pi V2 P2V1 7 P1V2 


which is the answer obtained on page 36, line 3. Note that while dealing with 
matrices we represent tangent vectors by column vectors. 


Additional Text 


(a) Let f be a mapping from R to R. Then the Jacobian matrix is the 


1 X 1 matrix (df/dt), where here we do not need partial derivatives since fis 
a function of t only. 


Now a tangent vector in R, Yp is an arrow from p to p * v, 


p pty 


and this is mapped by f,, to the tangent vector v(df/dt)(p) at f(p). That is it 
is multiplied in length by (df/dt)(p). 


Ep) 
dt 
—————————————————— 
f(p) t(p) + v3. (p) 
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(b) Suppose we have a curve 4: R— R3, where a has coordinate functions 
(0, o5, 05), i.e. 


a: t —» a(t) = (a(t), a(t), os(t)). 
Then we obtain the 3 X 1 Jacobian matrix 


do, 
dt 


da; 


dt 


do 


dt 


A tangent vector v, at p, is mapped to the tangent vector Q,.p(v), at a(p). 
Reverting to row vectors, this is the tangent vector 


E do, (p), y des (P), v 83 (p) 
dt dt dt o(p) 


(c) Suppose we have a real-valued function F : E? — R, then the Jacobian 
matrix is the 1 X 3 matrix 


oF oF oF 
0X, ðX} 0x3 


If Vp =| V2] is a typical tangent vector, it is mapped by F *p 
V3 p 


to the tangent vector 


(= (p, 2), me) vÀ at F(p) in R. 


X1 Ox, 0x3 V2 


V3 
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This is v (OF/0x,)(p) + v; (0F/0x>)(p) * v (OF/0x3)(p), which we have 
already met as the directional derivative vp[F] . 


OF ð 
mr vi—- (p) * v; oF p) + Ta (p) 


Ox, X2 0X3 
Oe A 
F(p) F(p) * v* VF(p) 


(d) The Composite Rule Suppose we have two mappings F : E? —> EM and 
G: EM —> Er, then we can form the composite mapping Go F : E? —> EF. 
The obvious question is whether we can calculate the derivative map 
(Go F), in terms of the derivatives G, and F,. The answer is yes. We state 
the result, which should be intuitively obvious, and investigate some of its 
consequences. 


Theorem 
For mappings F : EP —> EM and G : EM —9 ET 
(G oF), = Gy o Fy. 


To be more precise we need to take into consideration the point at which each of 
the derivatives is evaluated. 


Now 
F,p : Tp(E") — TF(p)(E™) 
Gx F(p) : TF(p)(E7) — TG F(p)(E*) 
(Ge F),p : Tp(E") — TG» F(p)(E*) 


and hence (Go F)xp = Gy F(p) ? Fxp- (This may remind you of the composite rule 
for ordinary differentiation — D(ge f) = (Dgof).Df |) 


Considering all points p of the domain at the same time we can write the composite 
rule as 


(GoF)4 = Gaf ° Fa- 
This form of the composite rule accounts for all of the composite rules that we have 


encountered. When we expand it in terms of Jacobian matrices the composition on 
the right hand side then stands for the usual matrix multiplication. 
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(i) Given maps f: R— R and g: R—>R, the composite rule gives the form 
of the chain rule encountered in M100. 


(ii) ^ Given a map h : R—> R followed by a: R —9 E?, as in Lemma I.4.5, the 
composite rule gives 


(o o h),s = €, p(s) ° hys- 


Now hy, = dh nd a, is represented by da, 


dt 


da; 


dt 


do 
dt 


Hence if we write B = œo h the composite rule gives 


SA. (Ža) hg, 
dt dt j 


Bo (5) de (n(s)) 


dt dt 
Bs (gf | ns) 


dt dt 


i.e. B'(s) = dh (sa (S). 
ds 


(iii) ^ Given a map f: E? —> R followed by h: R —R, as in Lemma I.5.7, we can 
write the composite rule as 


(hof), = h«f 9 fy. 


Now hy is just the derivative which can be written h', and so hee = h'(f). 
Hence in terms of Jacobian matrices 


— 9 —— 


9(h(f))  a(h(f)) m - h e. of E 


Ox, 0x, 0x3 Ox, OX, 0X3 


ie SAM wE = 12,3). 
Ox; . OX; 


(iv) Given a map a: R —9 E? followed by a map f: E? —> R, as in Lemma 1.4.6, 
then the composite rule states 


(foo), = frat) ° Get: 
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In terms of Jacobian matrices, this becomes 


UH) (ry -[9f (st), 2E (eto), 2E (ety) /desq) 


dt Ox, OX 0X3 dt 


SO 


qf) p= y 9f (qo) dei (p, 
dt i=1 Ox; dt 


Now read the proof of Lemma 1.4.6 and Lemma I.3.2, where 
a:tt— p * tv, so that (da;/dt)(0) =(d/dt)(p; + tvi) R = Vi. 


Summary 
Notation 

F -(f,..., fm) Page 33, Definition 7.1 
F, Page 35, Definition 7.4 

of Of 

ðu ðv ni 

Page 37 and Text, page 44 

og ôg 

ðu ðv 
Definitions 
(i) Euclidean coordinate functions (f;,..., fm) Page 33, Definition 7.1 
(ii) Image of curve under a mapping F(a) Page 33, Definition 7.2 
(iii) ^ The derivative map Fx Page 35, Definition 7.4 
(iv) ^ Jacobian matrix | | Page 37 and Text, page 44 
Results 
(1) The derivative map can be described in terms of 


the coordinate functions and directional derivatives 


F,(v) = (v[fij,--->. v[fm])- Page 36, Theorem 7.5 
(ii) The derivative map Fy): Tp (EB) —^TF(p) (Em) 
is a linear transformation. Page 36, Corollary 7.6 


(iii) The effect of F4 on the standard basis is 


F„(Uj) = Xp. Page 37, Corollary 7.7 


i Ox; 
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(iv) 


(v) 


The derivative map preserves velocities. 
If 8 = F(a) then f' = F,(a’). 


The composite rule: . 


If F : E^ — E? and G: EM —> FEF then 


(Go F)xp = G, F(p) ? Fep- 


Techniques 


(i) 


(ii) 
(iii) 


(iv) 


Description of mappings in terms of Euclidean co- 
ordinate functions. 


Pictorial description of simple mappings. 
Determination of derivative maps, 
(a) from first principles 


(b) from directional derivatives of coordinate 
functions 


(c) from Jacobian matrix. 


Calculation of the derivative mapping of a 
composite using the composite rule: 


(G°F)y = Ga p?F,. 
where if the derivatives are represented by Jacobian 


matrices the composition on the right is matrix 
multiplication. . 


Exercises 


Technique (i) 
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Page 38, Theorem 7.8 


Page 33, Definition 7.1 


Page 35, Definition 7.4 


Page 36, Theorem 7.5 
Text, page 44 


1. Express the following mappings from E? to E3 in terms of Euclidean 
coordinate functions 
(a) F : p— -3p, 
(b) F : p+—> (eP1P2, p3 + 2p,, pi). 

Technique (ti) 

2. Page 39, Exercise 2. 


Technique (111) 


3: 


(a) Page 39, Exercise 4. 


(b) Find F (vp). using directional derivatives, for F = (x cosy, x siny, z), 


v = (2, -1, 3) and p = (0, 0, 0). 


(c) Describe the derivative mappings for F given in Example (1), page 34. 
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Technique (iv) 


4, Use the composite rule for Jacobian matrices to find (0f/0x, df/dy, df/dz) - 
for the composite mapping in Exercise 4(a), page 6. 


Solutions 


1. (a) Since p — - 3p, | 
F(p) = (-3p1, -3p2, -3p3) 
= (-3x(p), -3y(p), -3z(p)) 


and so, in terms of Euclidean coordinate functions, 
F = (-3x, -3y, -3z). 
(b) | F(p) = (eP1P2, pa + 2p;, pi) 
= (ex(P)y(P), z(p) + 2x(p), (x(p))?) 
= (e*Y (p), (z + 2x) (p), x^ (p) 


and so F = (eXY, z + 2x, x”). 


2. Page 39, Exercise 2. 
7 The lines u = 1, and v= 1 are the sets of points p such that u(p) = p, = 1 and 
v(p) = p2 =1. These are shown on the following diagram. 


A point on the horizontal line is of the form (t, 1) and is mapped by F to 
(t? - 1, 2t). So, for instance, (0, 1) —9 (-1, 0), (1, 1) —(0, 2) and 
(71, 1) — (0, -2). 
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How do we describe such a curve? A point p= (Pı, p) is on the curve if 
pi7t?- 1,p;=2t for some t. From these identities we deduce that 
4(p, + 1) = p3. Using the notation of Section I.4 we write 


p€M:4(u* 1j- v =0. 


The line u=1 consists of points of the form (1, t). These are mapped by 
F to (1- t?, 2t). This is a typical point on the parabola v? = -4(u - 1), which 
is shown on the following diagram. 


3. (a) Page 39, Exercise 4(a). 


Fa (Vp) = Š(F(p + tv))|t = o at F(p) 
dt 


d 
=— (F(p; +tv,, pa + tv2, psa *tv3))lt- o 
dt 


d 
=— (p) + tv, - p2 - tv, p, + tv +p, + tvz, 2p3 + 2tv3)|t = 0 
dt 


= (v; - V2; Vi tv2, 2v3) at F(p). 
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Page 39, Exercise 4(b). 
If F is linear then F(p + tv) = F(p) + tF(v). 


Hence F,(vp) - <(F(p + tv))l eo» at F(p), 
t 


= (F(p) + tF(v))|(=0, at F(p), 
dt 


= F(v) at F(p), 
SO Fs (vp) = F(v)F(p)- 
(b) If F = (x cosy, xsiny, z), then by Theorem 1.7.5 
F«(vp) = (vp[x cos yl. vplxsin y], vp[z] )F(p) 
Now if v = (2,-1,3) and p = (0,0,0), then by Lemma 1.3.2 


vplx cos y] = 2° (x cos y) (p) - 9 (x cos y) (p) * 3.2 (x cos y)(p) 
Ox dy |J Oz 


= 2cos y(0,0,0) + xsiny(0,0,0) + 3.0(0,0,0) 
=2cos0 + OsinO + 3.0 
=z. 


Similarly, 


Yplx siny] = 2sin y(0,0,0) - x cos y(0,0,0) + 0 
2sin0 - OcosO = 0. 

2.0 - 1.0 + 3.1 

3. 


it 


vp lz] 


1i 


So 
Fx (vp) = (2,0,0)(0cos0, Osin0, 0) = (2,0,3) (0,0,0)- 


(c) If F = (x - y, x + y, z) the Jacobian matrix for F, is 


af, əf df, 


1 -1 0 
ox dy Oz 
of, of, 0f | 1 1 0 
Ox oy Oz 
0f; of; 0f; 0 0 1 
Ox oy Oz 
This maps the vector v to 
1 -] 0 V1 Vi = V2\ 
1 1 0 V^ = Vi + V2 
0 0 1 V3 V3 


and so Fx(vp) = (Vi - V3, Vi +V25V3 )F(p): as expected. 
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4. We have f described as a composite of functions, f=hog, where 
g : p — (gi(p). g2(p), g3(p)). That is, gi, g2, g3 are the coordinate functions 
for g and so in this example 


g^ (x*y, y^ x +2). 


Since f: E? — R, g: E? — E? and h: E? ——> R, the corresponding 
Jacobian matrices are 


of of of 


— 9 — 9 —15 


Ox dy ðZ 


95 395 — 35 1 1 0 
ox dy Oz 

oe 9» P?| [o sz ol, 
Ox dy Oz 

0g3 0g3 0g5 1 0 1 
Ox dy Oz 

and s 3h oh) _ (2x, -z, -y). 
Ox Oy dz 


Now by the composite rule fap = hy g(p) ° &*p 


SO 
of of, af 
Žo — (p), —(p) -| 2x(g(p)), -z(g(p)), -y(g(p))| /1 1 0 
Ox dy Oz 
0 2y(p) 0 
1 0 1 
= (2g: (P), m.p) /1 1 o 
0 2p2 0 
1 0 1 
= (2p: *2p.-p-ps,-p?] |] 1 0 
0 2p. 0 
1 0 1 
= (2p; + 2p; - p2» 2P: + 2p? -2pıp2 - 2P2 P3, -P2), 
and hence 


of of Of 
CESESE (2x + 2y - y?, 2x + 2y - 2xy - 2yz, -y?). 
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FURTHER EXERCISES AND SOLUTIONS 


Section I.1 


Technigue Exercises 


Pages 5-6, Exercises 1(b), 2(a), 2(d), 4(b), 4(c). 


Solutions 
l(b. xy(2y + x)sin z 
2(a. 0 
2(d). t*(1 -t3) 
4(b). ES 2e2X(1 - eY) 
Óx 
a(c). Of = 4x 
ox 


Section I.2 


Technique Exercise 


Page 11, Exercise 4. 


Other Recommended Exercise 


Page 11, Exercise 5. This extends the concepts of linear independence and linear 
combinations to cover vector fields. 


Solutions 
4, f = kx?, g =-ky for any real function k on RÌ, 
e.g. f = x?, g=-y2. 
5(a. Vi (P) = (L0,-p1)p 
Va (p) = (0,1,0)p 
Vs (p) = (P1,0,1)p 
andsince|1] 0 pı} =1+pį= 0 these vector fields are linearly independent. 
0 1 0 
p 0 ! 
5(b). (xU, *yU; + zUs)(p) = (puP2P3)p 


1 -p3) + 
A Pil P3) V, (p) + p V, (p) + Pi P:)v (p) 


(1 * pj) | (1 * pi) 
and hence 
à abd 
xU, + yU5 + zU3 = x -2) Vi +yV, +e tu. 


(1 + x’) (1 + x?) 
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Section I.3 


Technigue Exercises 


Pages 14-15, Exercises 1(a), (b), 2(a), (b), 3(a)-(d), (f). 


Solutions 

1(a) and 2(a). 0 

1(b) and 2(b). 896 
3(a. y? 

3(b)  -3xz? 

3(c). yzž(y?z - 3x?) 
3(d).  -yz? (y*z - 8x?) 
3(f). 0 


Section I.4 


Technique Exercise 


Page 21, Exercise 8. 


Other Recommended Exercises 
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Page 21, Exercise 4. This exercise shows that a curve is determined uniquely by its 


initial point and velocity vectors. 


Page 21, Exercise 6. This theory exercise deals with the definition of the directional 


derivative. 


Page 21, Exercise 9. This deals with the geometrical interpretation of tangent lines. 


Solutions 


8. B(s) = 2 log j . 


S 


B'(s) = |s- 2 


s? S 


a' (h(s)) = k e 


ahi.) =t and hence £'(s) = 9.6 (h()). 
ds S ds 


t? t? 
4, a(t) = (1 +— ,—, et - 6). 
(97 (1455, ef -6) 


56 M334 I 


6. Let x be any curve with a’ (0) = Vp: 
Then ŠU) (0) = a (o)tt] = vr]. 
dt 


9. (a) ut— (2, 2u, u). 
(b | u—(2( - u) 20 + u), Z+ u). 
4 


Section I.5 


Technique Exercises 


Pages 25-26, Exercises 1(a), (b), 3(a), (c), 4, 6(a), (c). 


Other Recommended Exercises 


Page 25, Exercise 2. This expresses the operation of a 1-form on a vector field in 
terms of Euclidean coordinate functions. 


Page 26, Exercise 8. This deals with the Leibnizian property of d. 


Page 26, Exercises 9, 10. These explore the relationship between the differential of a 
function and its maxima and minima. 


Page 26, Exercise 11. This deals with the relationship between the differential and 
the difference operator. 


Solutions 
l(a). 4 
lb). -4 
3(a. x?-*x?(1*z)-xy? A c 
x 
4(a). 5f*df 
4b) Si. 
Af 
A(c) 2f df 
1+ f? 


6(a). df =y?dx + (2xy - z?)dy -2yz dz, -10. 
6(c). df = cos(xy)cos(xz)(y dx + x dy) - sin(xy)sin(xz)(z dx + x dz), -2. 


2. 6(V) = Z Z fivj dx(Uj) = Z È fivjdij = È fivi- 
1 J 1 J 1 
8. d(ig)(vp) 2 vp [fg] S vplf] g * fvp[g] 


=df(vp) gti dg(vp) 
= (gal + f dg) (vp) 
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and hence d(fg) = g df + f dg. 

of 

9. df(vp) = 3t (p)v, Tl 

ax dy dz 


and hence df(vp) = 0 for all v if and only if 


f of of _ 
= (p) =— (p) =— (p) = 0. 
ox oy Oz 
f 
Here SL = E LS = Poy? a Jy i I y? 
Ox dy Oz 


and the critical points are + (0, 1, 4). 


10. If p is a local maximum or minimum then t = 0 is a local maximum or 
minimum of the function t — f(p + tv). 


d 
Hence df[vp] = Yplf] E (f(p + tv)) l.-g = 0. 
t 


ll(a) By Taylor's Theorem 


f(p * tv) = f(p) + tip + tv)) | (=) + Remainder 
dt 


=f(p) +t df(vp) + R. 
Hence f(p +v)- f(p) ~ df(vp). 


11(b). Exact: -0-420 


2 2 

Approximate: df(vp) = 2xy dx +* dy-* dz (-0-1, 0-1, 0-2)(1, 1-5, 1) 
2 
Z Z Z 


Section I.6 


Technique Exercises 


Page 31, Exercises 1, 2, 4(a), (b), (d), 6. 


Other Recommended Exercises 


Page 31, Exercise 5. This expresses the wedge product of three 1-forms in terms of 
the determinant of their Euclidean coordinates. 


Page 31, Exercise 8. This exercise deals with the relationship between the exterior 


derivative and the vector operations div, grad and curl. 


Solutions 


l(a). yz cosz dx dy - sinz dx dz - cosz dy dz, 
sinz dx dy + z sinz dx dz + z cosz dy dz, 


-yz dx dy - yz? dx dz + dy dz. 
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l(b) -z dx dy - y dx dz, 


-cos z dx dz + sinz dy dz, 


0. 
2, dė= l dx dy, dy = - dy dz, 
2 
y 
p^ y =“ dx dy and 
y 
d(6^ V) = dpa y - pady = dx dy dz. 


y 
4(a). d(fdg + gdf) = d(d(fg)) = 0. 
A(b). (df - dg)A(df + dg) = 2 df^dg. 
4(d). (1-f)df^dg 
6. dx dy dz = r dr dd dz 


5. Expand both the determinant and the triple wedge product in terms of the 
Euclidean coordinate functions. Both sides give 
(fiifaofas - f11f23f32 + fiofosfai - fiofoifas + fisfaifaa - f13f22f31)dx dy dz. 
8(a. df- xor dx; (UJ, ze U; = grad f. 
Ox; Ox; 


8(b). If V= Xf; U; then 6 = Èf; dxjį, 


af, ðf; af; 0f, 


9f; jo dx, dx3 + = DB dx,dx3 
OX, 0X3 Ox; 9X3 


ag =| | dx,dx, T 


OX Ox, 
and dó , (2) „curl V. 
8(c). If V = Zf:U; then R= f3dx, dx, - f,dx, dx, + fi dx; dx,. 


dn T + 95 + | dx, dx, dx3 and hence dn (2) (div V)dx dy dz. 
OX) OX, 0x3 


Section I.7 


Technique Exercise 


Page 39, Exercise 1. 


Other Recommended Exercises 


Page 40, Exercises 5 and 6. These describe the derivative of a mapping in terms of 
the differentials of its Euclidean coordinate functions. 


Page 40, Exercise 8. This deals with the definition of the derivative. 


Page 40, Exercise 9. The derivative mapping preserves directional derivatives. 
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Page 40, Exercise 11. This deals with inverse mappings, which you can read about in 
Exercise 10. 


Page 40, Exercises 7 and 12. These deal with the derivative of a composite mapping. 


Solutions 

1(a). (0,0). 

l(b)  (-3,1), (3,-1). 
l(c). (0,0), (1, 0). 


5. F, = (cos y dx - xsiny dy, sin y dx + x cos y dy, dz) 
(a) (2,0,3)(9,0,0) 
(b) (2.23)(0,2,0) 
6. The Jacobian matrix at p is 
COS p2 sin p2 0 


-p, sinp2 pı Cosp, 0 


0 0 1 
This has determinant p, and hence F is not regular at points for which 
Pi 0. l 
8. Let & be any curve such that a’ (0) = Vp» then if 6 = F(a) it follows that 


8' (0) = F«(o' (0)) = F«(vp)- 


9. Let a : t —» p + tq. 


R-€,Epn F,pm g R 


vple(F)] = o'(0)[g(F)] e(F(n)) lt-o- 
t 


F«(vp)[g] = (F(a))'(0) [g] > tela) l-o. 
t 


Hence vp[g(F)] = F.(vp)[g]. 


ll(a). F-! = (v,ue-V). This is a diffeomorphism. 
1 1 


11(b). F!- (u3, vt u’). This is not a diffeomorphism since it is not differentiable 
when u = 0. l 


ll(c) F-! = (9 -u - 2v) 
2 


» 5- u-v]. This is a diffeomorphism. 


7. GF = (gi(f,, f2), go(f1, fz ))- 
12(a). GF = (g,(fi,..., a Sp (fi, > fg) 
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12(b). (GF)x(0') = ((GF)(a))', by Theorem I.7.8, 
=(G(F(c:))) 
-G«((F(a))) 
-G,F (o). 


12(c). Since any Yp = a! (0) for some a it follows that (GF), = GyF x. 
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DIFFERENTIAL GEOMETRY 


I Calculus on Euclidean Space 
II Frame Fields 

III Euclidean Geometry 

IV Calculus on a Surface 

V Shape Operators 


VI Geometry of Surfaces in E? 
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